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Project background and motivation
e EMRP project International Timescales with Optical Clocks (ITOC)
@ Comparisons of distant optical clocks
@ Theoretical description of TT and FT with accuracy required by
optical clocks

V.
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Project background and motivation
e EMRP project International Timescales with Optical Clocks (ITOC)
@ Comparisons of distant optical clocks

@ Theoretical description of TT and FT with accuracy required by
optical clocks

Ojectives
o Fully relativistic description of signal p
propagation in optical fibres /

V.

@ Deriving formulas for signal propagation
time in optical fibre with 1 ps accuracy

@ Deriving formulas for frequency change :
during signal propagation in optical fibre
with relative accuracy of 10718
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o Fibre time transfer
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Fibre time transfer [Gersl et al., 2015]
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where n is the fibre effective refractive index, v is the velocity vector field
of the fibre in the GCRS frame, s, is the tangent vector field of the fibre,

v2=v-v, and all quantities are evaluated at t = tg.
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Fibre time transfer [Gersl et al., 2015]
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where n is the fibre effective refractive index, v is the velocity vector field
of the fibre in the GCRS frame, s, is the tangent vector field of the fibre,

v2=v-v, and all quantities are evaluated at t = tg.

For a 1000 km long optical fibre with refractive index 1.5:
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Fibre time transfer [Gersl et al., 2015]

c2
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TAB:/ ndl + = v-s/d/+3/ n(W+v2/2)d/+O(Cf4)
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where n is the fibre effective refractive index, v is the velocity vector field
of the fibre in the GCRS frame, s, is the tangent vector field of the fibre,
v2=v-v, and all quantities are evaluated at t = tg.

For a 1000 km long optical fibre with refractive index 1.5:

@ ¢ 2 Sagnac term amount to 5 ns for a fibre located along the equator
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Fibre time transfer [Gersl et al., 2015]

c2

1 [t 1 [t 1 [t
TAB:/ ndl + = v-s/d/+3/ n(W+v2/2)d/+O(Cf4)
¢ Jo 0 ¢ Jo

where n is the fibre effective refractive index, v is the velocity vector field
of the fibre in the GCRS frame, s, is the tangent vector field of the fibre,
v2=v-v, and all quantities are evaluated at t = tg.
For a 1000 km long optical fibre with refractive index 1.5:

@ ¢ 2 Sagnac term amount to 5 ns for a fibre located along the equator

o ¢ 3 Shapiro time delay is 3 ps at surface of the Earth
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Fibre time transfer [Gersl et al., 2015]

1 [t 1 [t 1 [t ) 4
TAB:E | nd/+§ A v~s/d/+§ ; n(W+v/2)d/+O(C )

where n is the fibre effective refractive index, v is the velocity vector field

of the fibre in the GCRS frame, s, is the tangent vector field of the fibre,
2

v“ = v -v, and all quantities are evaluated at t = tg.

For a 1000 km long optical fibre with refractive index 1.5:

@ ¢ 2 Sagnac term amount to 5 ns for a fibre located along the equator
o ¢ 3 Shapiro time delay is 3 ps at surface of the Earth

@ Omitted c~* term is of order of 10723 s per one meter of the fibre
length
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Fibre time transfer

Fibre time transfer: the Sagnac term
@ for two-way time transfer only the Sagnac term remains:

1(T T12) 1 /L s, d/
_ _ —_ V-
p(Tae—T) =75 | /
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Fibre time transfer

Fibre time transfer: the Sagnac term

@ for two-way time transfer only the Sagnac term remains:

1(T T12) 1 /L s, d/
_ _ —_ V-
p(Tae—T) =75 | /

@ Let’s introduce a Terrestrial frame which rotates rigidly with respect
to the spatial part of GCRS with angular velocity vector w such that:

V=w X X+ VR
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Fibre time transfer

Fibre time transfer: the Sagnac term

i s
@ for two-way time transfer only the Sagnac term

1 L
2(T34—T12)=C2/0 V-s, .
@ Let's introduce a Terrestrial frame which rotate d
to the spatial part of GCRS with angular velocii \

V=w X X+ VR

@ Then the Sagnac delay is:

1 2wA 1 [t
2(T34—T]_2)—C2+C2/0'VRS/C”

where A is the area of the projection of the fibre on the equatorial
plane, when connecting both end with the rotation axis.
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Fibre time transfer

Fibre time transfer: the Sagnac term

i\
W

@ for two-way time transfer only the Sagnac term

1 1 [t
2(T34—T12)=C2/0 V-s, .

@ Let's introduce a Terrestrial frame which rotate d

to the spatial part of GCRS with angular velocii \

V=w X X+ VR

@ Then the Sagnac delay is:

1 2wA 1 [t

N T12)=C2+C2/0 vg s d/
where A is the area of the projection of the fibre on the equatorial
plane, when connecting both end with the rotation axis.

@ The second term amounts to 0.3 fs per 1000 km of the fibre when
considering Earth tides
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Sagnac delays in the REFIMEVE+ network

| fibre link | Length/km [ Correction/ps |
PTB-SYRTE 1401 3976 + 27
NPL-SYRTE 813 1214 £ 6
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Fibre time transfer

Parameters uncertainty for fibre time transfer

Parameter Uncertainty
Fibre length (1-way only) 0.2 mm
Refractive index (1-way only) 3x 10710
Fibre endpoints position 200 m

Fibre inner points position 600 m

Fibre velocity in co-rotating frame 9 cm/s
Earth angular velocity ~ 0.01 % (relative)
Gravitational plus centrifugal

potential (1-way only) ~ 30 % (relative)

Table : Input parameters and their maximal uncertainties sufficient for 1 ps
uncertainty in time transfer. The values were obtained for situations where the
sensitivity of a correction to a parameter is maximized and they are calculated for
1000 km long fibre [Gersl et al., 2015].
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© Fibre frequency transfer
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Fibre frequency transfer

Clock frequency comparison

@ Determination of the frequency ratio f4/fg between the proper
frequencies f4 and fg delivered by clocks A and B
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Fibre frequency transfer

Clock frequency comparison

@ Determination of the frequency ratio f4/fg between the proper
frequencies f4 and fg delivered by clocks A and B

@ In practice this is achieved using a transmission of photons from A to
B and the formula
fa  favavp

fo  vavg fg’

where v4 = proper frequency of the photon as measured on A at
instant of emission t4, and vg = proper frequency of the same
photon on B at tg (instant of reception).
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Fibre frequency transfer

Clock frequency comparison

@ Determination of the frequency ratio f4/fg between the proper
frequencies f4 and fg delivered by clocks A and B

@ In practice this is achieved using a transmission of photons from A to
B and the formula
fa  favavp

fo  vavg fg’

where v4 = proper frequency of the photon as measured on A at
instant of emission t4, and vg = proper frequency of the same
photon on B at tg (instant of reception).

@ The ratio v4/fa is known, vg/fg is measured, whereas v4/vg has to
be calculated.
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Fibre frequency transfer

Fundamental relations of frequency transfer

@ The proper frequency measured
by M = {A,B} is:

time
A B
A f 1 dS
| =2 (1)
2w dTm
“\ / 78 + d71B
rdra— S rdS
TA/
| space
AEIWE TS



Fibre frequency transfer

Fundamental relations of frequency transfer

@ The proper frequency measured
by M = {A,B} is:

time
A B
i 1 dS (1)
w v
M= o drw
T8 +d7g
//s'»f/ @ Introducing the covariant wave
ariny /TB vector kM = (0,5)pm and the
TAE L —% four-velocity ufy = dxfy/drm:
| space va o kéu%
vg  kBug
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Fibre frequency transfer

Fundamental relations of frequency transfer

time

/ 78 +d7B
TA+d7a //51 ds

| space

)
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e Introducing v/ = dx’/dt and
ki = ki/ko, it is usually written
as:
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Fibre frequency transfer

Fundamental relations of frequency transfer

e Introducing v/ = dx’/dt and
ki = ki/ko, it is usually written

e as:
’ ’B o _ L K
//73+de VB O ko 14 £ kB
7A+d74/ﬁd5 @ from (1) we deduce:

/ v
L s dre

space VB_dTA
S CIANCIAN
~\dt ), \dt/gdta
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Splitting of the terms

@ One term depends depends only on the state (velocity and location)
of the receiver and emitter

wp_ (AT (dr
uf  \dt ), \dt)g

P. DELVA (SYRTE/OBSPM) IAG JWG 2.1 13 /19



Splitting of the terms

@ One term depends depends only on the state (velocity and location)
of the receiver and emitter

wp_ (AT (dr
uf  \dt ), \dt)g

@ The other term depends also on the propagation of the signal:

LA
kfvy

dtg kgt 14+
th_kO 1+kVB
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Splitting of the terms

@ One term depends depends only on the state (velocity and location)
of the receiver and emitter

wp_ (AT (dr
uf  \dt ), \dt)g

@ The other term depends also on the propagation of the signal:

LA
kfvy

dtg  kg' 1+ ra
th_kO 1+k

By

@ The syntonization problem consists in calculating the rate of a clock
w.r.t. to some coordinate time t (e.g. TCG or TT):
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Fibre frequency transfer

The proper time / coordinate time relation in GCRS

@ The scalar potential W(X®) = W(cTCG, X) of the GCRS metric can
be split into three parts: contribution of the Earth itself, of tidal
forces, and of inertial forces [Soffel et al., 2003]

W = WE + VVtidal + VVinertial
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Fibre frequency transfer

The proper time / coordinate time relation in GCRS

@ The scalar potential W(X®) = W(cTCG, X) of the GCRS metric can
be split into three parts: contribution of the Earth itself, of tidal
forces, and of inertial forces [Soffel et al., 2003]

W = WE + VVtidal + Vvinertial

@ Then the relation between proper time and TCG is
[Wolf and Petit, 1995]:

dr 1 o V2
da7cc a2 Wi (X H?

FW(x + XY) = W(xg) — W(xi) X

where W is the Newtonian potential of external masses, and
(x*) = (cTCB, x") are the BCRS coordinates.
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Fibre frequency transfer

One-way fibre propagation term

dtg 1 (tron oT 1 (Lov-s
B s — — |dI+ = d/
dta Jrc/o <at+m8t> Jrc2/0 ot

where T is the temperature and other quantities are defined in the section
on time transfer [Gers| et al., 2015]
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Fibre frequency transfer

One-way fibre propagation term

dtg 1 [t /on oT 1 [fov-s
—E_14= — —)di+= [ =l
dta Jrc/o <at+m8t> Jrc2/0 ot

where T is the temperature and other quantities are defined in the section
on time transfer [Gers| et al., 2015]

o ¢! term is the first order Doppler effect, it depends on expansion
and change of the refractive index of the fibre and not on velocities of
the emitter and receiver as for satellite frequency transfer
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Fibre frequency transfer

One-way fibre propagation term

dtg 1 (tron oT 1 (Lov-s
— =1+4+- — — | dlI+ = d/
dta Jrc/o <at+m8t> Jrc2/0 ot
where T is the temperature and other quantities are defined in the section
on time transfer [Gers| et al., 2015]
o ¢! term is the first order Doppler effect, it depends on expansion

and change of the refractive index of the fibre and not on velocities of
the emitter and receiver as for satellite frequency transfer

e It amounts to 2 x 10713 for a 1000 km long fibre with n = 1.5
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Fibre frequency transfer

One-way fibre propagation term

dtg 1 (t/on oT 1 [Lov-s
— =1+4- — — |dlI+ = ——dl/
dta Jrc/o <at+m8t> Jrc2/0 ot
where T is the temperature and other quantities are defined in the section

on time transfer [Gers| et al., 2015]

o ¢! term is the first order Doppler effect, it depends on expansion
and change of the refractive index of the fibre and not on velocities of
the emitter and receiver as for satellite frequency transfer

e It amounts to 2 x 10713 for a 1000 km long fibre with n = 1.5

o the c=2 term is the time derivative of the Sagnac correction
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Fibre propagation

Magnitudes of the different terms

Effect Correction

Variations in length and refractive index

due to temperature changes (1-way only)  ~ 10713
Coriolis acceleration of the fibre

due to velocity of the Earth tides 8 x 10720
Euler acceleration of the fibre due to

angular acceleration of the Earth rotation 4 x 10=2°
Acceleration of the Earth tides 3x107%

Table : The corrections depend on processes in the whole fibre and they are
calculated per 1000 km of the fibre length [Gersl et al., 2015]
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Fibre frequency transfer

Fibre propagation
The PTB-SYRTE link: Earth rotation signal

It corresponds to
1 a variation of
around 5 fs over
12 hours in the
time transfer
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Fibre propagation

Parameters uncertainty

Parameter

Time derivative of the fibre
temperature (change of length

and refractive index; 1-way only) 3x 1071 K/s

Fibre velocity in co-rotating frame
Fibre acceleration

in co-rotating frame 9 x 1078 m/s?
Fibre position > Earth radius
Earth angular velocity > 100 % (relative)
Earth angular acceleration > 100 % (relative)

Table : Input parameters and their maximal uncertainties sufficient for 10712
relative uncertainty in frequency transfer. The values were obtained for situations
where the sensitivity of a correction to a parameter is maximized and they are

calculated for 1000 km long fibre [Gersl et al., 2015].
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Fibre frequency transfer
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