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Relativistic time transfer and clock synchronization
Beyond 1 Post-Newtonian approximation

Very advanced topics - gravitational wave astronomy
with clocks connected by optical fiber links, local
measurement of the Hubble constant with clocks, etc.




Post-Newtonian Metric

We impose the harmonic gauge condition on the metric tensor

(Vs =0. (1)

The stationary post-Newtonian metric is
goo = —1+ 2:2/ (:2 (0-v?)+0(c™°), 2)
g0i = —ﬂ +0(c™), 3)
g,,-é,,(1+2V)+o( 9, 4)

where the gravitational potentials satisfy the Poisson equation

AV = —4nGe , &)
AV = —4nGeV' | (6)
AP = —47G(261* +2€V +3p) (7)

with €, p, and V' being the energy density, pressure and velocity of matter. The energy density
€ relates to mass density by

€E=p (1+g) (8)

where /7 is the internal energy of matter per unit mass and p* is the mass density of baryons
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I
o =p+ §(§v2+3V). 9)

The internal energy /7 is related to pressure p and the local density p by thermodynamic
equation

1
d11+pd(—):0, (10)
Jo,

and equation of state, p = p(p).

In the stationary spacetime, the mass density p* obeys the exact equation of continuity

o)
— =0. 11
axt (1
Velocity of rigidly rotating fluid is
v =R QIxk (12)

where @' is the constant angular velocity. Replacing velocity v in (11) with (12), and differ-
entiating, reveals that
JoP
dx!
which means that velocity of the fluid is tangent to the surfaces of constant density p*.

Equation (13) is also consistent with the case of the constant density p* in a fixed coordinate
system. We shall make use of this assumption in the rest of the paper.

0, (13)
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Post-Newtonian reference ellipsoid (interior solution)

Level surface of uniformly rotating perfect fluid of homogeneous density p takes on the

form of the Maclaurin biaxial ellipsoid
o?  z?

;_I_ﬁ:l where o2 =

x+y

PN theory tells us that the shape of such a uniformly rotating fluid body is to be a
spheroid

g2 z° o z? o* z* o2 z?
—+b—2_ 1+« K1?+K2b_2+31F+B2F+B3 az b2
where k = Gpa ~ 5.2x1071Y | This equation can be recast to the following form
A (B, + B, — By) — 0"z
= K _—
1,2 rpz 1 2 37 42 p2

wherer, = a |l + 2k K; + B1)| - equatorial radius,andr, = b |1 + lK(l’(z + B,)| -
2 b 2

polar radius.
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The residual gauge freedom is described by a PN coordinate transfromation
x'% =x%+ k&%(x)
where the gauge functions ¢ obey the Laplace equation
AET =
Solution of this equation are harmonic polynomials. In the case of PN ellipsoid they are

£ By 1@z (7 -47)
- y 2 2

E=hy+ P (o-‘ - 45_.') .

£ B @) 3 - ) .

Transformation of the PN ellipsoid equation to the new coordinates is form-invariant. It
transforms the coefficients in the equation of the PN ellipsoid

Kl—)K1+2h KZ—)K2+2k
Bl—)B1+2p BZ_)B2_4h
b? a?

Bs —>B3—8pp+ 6qﬁ
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Gauge freedom and the choice of coordinates

Arbitrary Kli Kz, Bl' BZIBB Kl - Kz - B1 - BZ - O, Bg * 0

The problem has four degrees of freedom corresponding to the three infinitesimal
coordinate transformations having four free parameters. Hence, we can arbitrary fix
four out of the five constants in the mathematical equation of the PN ellipsoid. The

only non-vanishing parameter can be chosen to be B; = B.
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Non-homogeneous fluid with
ellipsoidal distribution of density

.| N 1 AnGo 29 ('1-2 +y2 . i) ] Allows to keep the level surface
P=Po|t T TP TR 2 as a biaxial ellipsoid at least, in
l 2 2 1 PN approximation (perhaps in all
w-a- .
os =~ 1 + B——P>(cosb)| , Orders of PN approximations
X C-€-
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The normal gravity field
(exterior solution)



Coordinates

Ellipsoidal Spherical
x=aV1l+olsinfcosg, x=Rsin©cosd,
: : y=Rsin®sin® ,
y=aVl+o?sinfsing . :
Z=Rcos0®.
Z= o CosH,

Coordinate transformation

o= r- 1 I +
B 2
' Jrz—l

4r2 cos’ O
1 + . 1)2 \ COSH =
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Green’s Function in Elliptical Coordinates

oo m=n

n— |mj)! "
— Z Z : m_ :’ I;' dn|m| (0' )Pn|m| (o) Y,,m(.l VYoum(Z) | (c=0),
n=0 m=—n
Gz, z') = = 4
|z — a’| 0o m=n (n — |m))!
— Z Z ‘ 7 Pnm| \O" (o ([nlml (o) Y;;m(;i?,) Yum(Z) | (0" <0),
— e (n+ |m|)!

Legendre polynomials from Legendre functions from Spherical harmonics
imaginary argument imaginary argument
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Scalar gravitational potential
\ !
V = Vilpo, S1+ Vnl[épo, S1 + Vnlpo.S] +3 Von

1
V =&y |qo(o) + g2(o)Pa(cos )] + 0_384 |g2(0)P2(cos 6) + ga(o)Py(cos )]

9 —I
Eo = Gmy { 1 + - 10) CI1( )Gm,v + (B + Hw*d? } .
_ G'"‘\' 9(]1(%_‘) gB 30 35 7 9 6 5 o)
84: 10 {(10 .ﬂ) G"?,\‘i"z—g 3+';'+'x—4 wa—7‘3+—_)wa .
The second eccentricity
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Scalar multipole moments

1
V =&y |qo(o) + g2(o)Pa(cos B) | + 0—284 |g2(0)P2(cos 6) + g4(o)Py(cos 6)]

=S D" Pufcos)
Qi) = & 2n+ 1  p2nl

oo

*

2n(-1)"  Pa(cos )
n=1 2n+1)(2n+3) r+l 7

g2(o)P>(cos ) = —

dn(n— 1)(—1)" P>, (cos %)
2n+ 1D)2n+3)2n+5) rntl .

gs(o)P4(cos §) = Z

n=2

€ — the first eccentricity

]

GM = a 2"
V=—-11-) Jy (—) P, (cos 1)
R Z:; R

GM = & Ny
= .  _Ya?—b?
2
3(_])n+162n 14 n 84 (n> 1) a
Ny = o ed I n>
T 2n+ D2+ 3) 32 m+56 |
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Vector gravitational potential

Vi=G I‘Md—‘x' )
J -2

Each element of a rigidly rotating fluid has velocity, v/(x) = % w/x*, where &/* is the Levi-Civita symbol, so that (114) can be
written as follows

Vi=gksipk, (116)
where s’ is the unit vector along the angular velocity vector, s' = '/w, the Cartesian vector D* = {D*, ", ¢} is given by
~ ootk 33
: x"d-.
D =Gw f M ) (117)
J o le-a
We denote, D™ = D* + i7). In the ellipsoidal coordinates (117) one has
V1 + 0 2sing e d3x’
D*:Gwpoa[ hl I o ,l" v (118)
. r—x

We had chosen the Cartesian coordinates such that the angular velocity, o' = (0,0, w), so that vector potential V' = (V*,V*,V?)
has V= = 0 2. The remaining two components of the vector potential can be combined together

Vi=V'+iV = iD" . (119)

Equation (119) reveals that calculation of the vector potential is reduced to calculation of the integral (118) which depends on
the point of integration, and is separated in to the internal and external solutions which we discuss below.

Integration with respect to the radial coordinate yields

where

x 1
D = 2nGuwpoa 55 |9 (o) Pi(cos6) + e (o) P3i(cos )| .
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Vector multipole moments

D=-2GMw" ;‘2’“)

I
10 qn (07) P11(c08 6) + = g31 (o) P31(c0s )

The products of the spheroidal harmonics entering (150) are expanded into spherical harmonics as follows:

(=1)" Py.1.1(cos )
1)(2n + 3) pr2n+l ’

gii(o)Pii(cosf) =2
nzz(; (2n +

3n(-1)" Prp.11(cos )
(2n + 1)(2n + 3)(2n + 5) 2n+2 :

qz1(o)P3i(cos @) = —8 Z
n=1

Replacing these expansions to (150) and reducing similar terms, we obtain

IGMa*w — (=1)"exn a\n
= - — , 7).
D R? — 2n+ DH2n+3)2n+5) (R) Pans1.1(c0s 9)
GS — ‘a2 2,
D=-— S on+1 —) Pryi11(cosd?) , S=-Maw,
2R- n; (.R 5
S] = 1 .
15(=1)"€™"
Sons1 = 1) . (n=1)
2n+ 1)2n+3)2n+3)
pi  GExa)' | S (-1)ye” (3)2" dPyn.1(c0s B)
2 R i (2n+ 1)(2n +3)(2n +5) \R. dcos ¥
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The normal gravity field (i)

. 2 .1
de = - (go() + —go,'v' + —,g,'j\-"\-‘j) dt2 .
C C-

dr 1%

—=1-—=+0(c"°
dt c2 ( )
1 1 (1, 3, 1
W=—v?+V+— (-\.’4 + 22V — 4iVi - —Vz)
2 c?\8 2 2

W(o.8) = Wy(o) + Wa(o)P>(cos ) + i,%ﬁ(cr)&(cos o) ,
c2
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Wo(o) =

W(o)

Wailo)

5/15/2017

The normal gravity field (ii

1
—w a (1 + 0 )+ Gmgo(o)

15

qo(o) — —qv(cr)‘}

+C w'af’(l + o ){—w a (1 + 0 )+Gm

|
+ — 5 —Gm

- —(U (I
7
C-

15

G 8
- { Go() + qa(c")

q5(0) + Sqo(tf)‘

1
= —§w‘af'(1 + %) + Gmgs (o) +

+i {84q7(0') (1) Q (] +0° )I—a) a” (1 + 0" )+Gm((10(0')— ;q‘)(o-))‘}

Gm{8 : 5

5
go(or) — —q»(cr) - —q4(cr)‘ Gmgq, (o)

+C2 Ewa

qo(o) + fP(CT)‘}

1 5 2l 2 9
= Eyqy(0) + Tsw‘az(l + o) ’wzaf‘(l + o"“) - ISqug((T)]

9 16
_gGm {qu,(a') — 7(07(1

Q°(Cf)+f14(0')‘} ’
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The Post-Newtonian Somigliana Formula

S ) | \/ l+02 oW
1 + —w a’sin @ = —— .
22 J\ @ Vo-+cos“6 do )

Yn =

| 1 )\/ | + 02
1+—wasm6

1
Yo + y2P2(cos 8) + —ysPs(cos 6)
C.‘.

Yn =

2¢? o? 4+ cos?é
_ 1 WO | d’W _ 1 ()(“r/.;i
= ——— . gy = —— 4= ——
70 @ 60' o=1/x " @ do- o=1/x i @ (')0- o=1/x

« D 2 A" A
ay, sin- 6 + by;, cos- 6 1 dw-a-(a + 35b
Yn = L L - (@Ya - byb) Y4 sm Hcos g .

[ . D 2
Valsinl @ + b2cos2g € Va2sin? 6 + b2 cos2 @
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The Kerr Metric and Multipoles

5 2Vk 2V- 1 2G? mK cos’ ]| ’ SV;(
ds = |-1+ — — 3 cdt” —
c? AT A (¢2 + cos? 6)? c?
Gmk¢ . Vg (sxa)
Vk = , . V' —
K= 2+ cos?e K™ 20k 1+¢2

Vk = oM ' 1 - i 5, (%)M Pp(cos )

\2n

J‘)n_( 1)n+] 7?2_( 1)n+]( , (nz 1)
C

V 9 (S * 1-)1 . i (_ 1 )nel%n ﬁ)211 dP2n+|(COS 19)
K™2 R — 2n+1 \R, dcos i}
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1+

2V . .
—K) 6,'1'(11"(1.1'] ’

2
C-

19



THANK YOU |

5/15/2017

First Meeting of IAG JWG2.1,
Hannover, Germany

20




